Quantum Steiffel manifolds were introduced by Vainerman and Podkolzin in [13] . They classified the irreducible representations of their underlying C * -algebras. Here we compute the K groups of the quantum homogeneous spaces SU q (n)/SU q (n − 2), n ≥ 3. Specializing to the case n = 3 we show that the fundamental unitary for quantum SU (3) is nontrivial and forms part of a generating set in the K 1 .
Introduction
Quantization of mathematical theories is a major theme of research today. The theory of Quantum Groups and Noncommutative Geometry are two prime examples in this program. Both these programs started in the early eighties. In the setting of operator algebras the theory of quantum groups was initiated independently by Woronowicz ([19] ); Vaksman and Soibelman ( [18] ). They studied the case of quantum SU (2) . Later Woronowicz studied the family of compact quantum groups and obtained Tannaka type duality theorems ( [20] ). Soon the notion of quantum subgroups and quantum homogeneous spaces followed ( [14] ).
The Noncommutative Differential Geometry program of Alain Connes also started in the eighties ( [6] ). In his interpretation geometric data is encoded in elliptic operators or more generally in specific unbounded K-cycles, which he called spectral triples. It is natural to expect that for compact quantum groups and their homogeneous spaces there should be associated canonical spectral triples. Chakraborty and Pal showed that ( [3] ) indeed that is the case for quantum SU (2). In fact for odd dimensional quantum spheres one can construct finitely summable spectral triples that witnesses Poincare duality ( [4] ). A natural question in this connection is, are these examples somewhat singular or in general one can construct finitely summable spectral triples with further properties like Poincare duality on quantum groups associated with Lie groups or their homogeneous spaces. Even though there are suggestions to construct such spectral triples ( [12] ) one does not know their nontriviality as a K-cycle. In
The quantum steifel manifolds and their irreducible representations
The quantum steifel manifold S n,m q was introduced by Vainerman and Podkolzin in [13] . Throughout we assume that q ∈ (0, 1). Recall that the C * algebra C(SU q (n)) is the universal unital C * algebra generated by n 2 elements u ij satisfying the following condition where for a permutation σ on {1, 2, · · · , n}, ℓ(σ) denotes its length. The C * algebra C(SU q (n)) has a compact quantum group structure with the comultiplication ∆ given by
Let 1 ≤ m ≤ n − 1. Call the generators of SU q (n − m) as v ij . The map φ : C(SU q (n)) → C(SU q (n − m)) defined by
is a surjective unital C * algebra homomorphism such that ∆ • φ = (φ ⊗ φ)∆. In this way the quantum group SU q (n − m) is a subgroup of the quantum group SU q (n). The C * algebra of the quotient SU q (n)/SU q (n − m) is defined as
We refer to [13] for the proof of the following proposition.
) is generated by the last m rows of the matrix (u ij ) i.e. by the set {u ij : n − m + 1 ≤ i ≤ n}.
In [13] the quotient space SU q (n)/SU q (n − m) is called a quantum steiffel manifold and is denoted by S n,m q . We will also use the same notation from now on. The irreducible representations of the C * algebra C(S n,m q ) was described in [13] . First we recall the irreducible representations of C(SU q (n)) as in [17] . The one dimensional representations of C(SU q (n)) are paramatrised by the torus T n−1 . We consider T n−1 as a subset of T n under the inclusion (t 1 , t 2 , · · · t n−1 ) → (t 1 , t 2 , · · · , t n−1 , t n ) where t n := n−1 i=1t i . For t := (t 1 , t 2 , · · · , t n ) ∈ T n−1 , let τ t : C(SU q (n)) → C be defined as τ t (u ij ) := t n−i+1 δ ij . Then τ t is a * algebra homomorphism. Moreover the set {τ t : t ∈ T n−1 } forms a complete set of mutually inequivalent one dimensional representations of C(SU q (n)).
Let us denote the transposition (i, i + 1) by s i . The map π s i : C(SU q (n)) → B(ℓ 2 (N)) defined on the generators u rs as follows
is a * algebra homomorphism. For any two representations φ and ξ of C(SU q (n)), let φ * ξ := (φ ⊗ ξ)∆. For ω ∈ S n , let ω = s i 1 s i 2 · · · s i k be a reduced expression. Then the representation π ω := π s i 1 * π s i 2 * · · · * π s i k is an irreducible representation and upto unitary equivalence the representation π ω is independent of the reduced expression. For t ∈ T n−1 and ω ∈ S n let π t,ω := τ t * π ω . We refer to [17] for the proof of the following theorem.
Theorem 2.2
The set {π t,ω : t ∈ T n−1 , ω ∈ S n } forms a complete set of mutually inequivalent irreducible representations of C(SU q (n)).
In [13] the irreducible representations of C(S n,m q ) are studied and we recall them here. We embedd T m into T n−1 via the map t = (t 1 , t 2 , · · · , t m ) → (t 1 , t 2 , · · · , t m , 1, 1, · · · , 1, t n ) where t n := m i=1t i . For a permutation ω ∈ S n , let ω s be the permutation in the coset S n−m ω with the least possible length. We denote the restriction of the representation π t,ω to the subalgbera C(S n,m q ) by π t,ω itself. Then we have the following theorem whose proof can be found in [13] Theorem 2.3 The set {π t,ω s : t ∈ T m , ω ∈ S n } forms a complete set of mutually inequivalent irreducible representations of C(S n,m q ).
Composition sequences
In this section we derive certain exact sequences analogous to that of Theorem 4 in [16] . We then apply the six term sequence in K theory to compute the K groups of C(S n,2 q ). ) under the homomorphism π t,ω contains the algebra of compact operators K(ℓ 2 (N k )).
We prove this result by induction on n. Since π ω (u nn ) := S * 1 − q 2N +2 ⊗ 1, it follows that
). Thus the result is true if n = 2. Next observe that for 1
). Now by induction hypothesis, it follows that π ω (C(S n,m q )) contains
)) contains the algebra of compact operators. This completes the proof.
2 Let w be a word on s 1 , s 2 , · · · s n say w := s i 1 s i 2 · · · s in (not necessarily a reduced expression). Define ψ w := π s i 1 * π s i 2 * · · · π s ir and for t ∈ T n , let ψ t,w := τ t * ψ w . Observe that the image of ψ t,w is contained in τ ⊗r . We prove that if w ′ is a 'subword' of w then ψ t,w ′ factors through ψ t,w . Proposition 3.2 Let w = w 1 s k w 2 be a word on s 1 , s 2 , · · · s n . Denote the word w 1 w 2 by w ′ .
Let t ∈ T m be given. Then there exists a * homomorphism ǫ :
where σ : τ → C is the homomorphism for which σ(S) = 1.
This completes the proof. 2 Let w be a word on s 1 , s 2 , · · · s n . Then for n − m + 1 ≤ i ≤ n and 1 ≤ j ≤ n, the map
Remark 3.3 Clearly for a word w on s 1 , s 2 , · · · s n the representations ψ t,w factors through χ w . One can also prove as in lemma 3.2 that if w ′ is a 'subword' of w then χ w ′ factors through χ w .
Let us introduce some notations. Denote the permutation
Proof. If ω 0 ∈ S n then ω s 0 ( the representative in S n−m ω 0 with the shortest length) is a 'subword' of ω n . Hence by remark 3.3 every irreducible representation of C(S n,m q ) factors through χ ωn . Thus it follows that χ ωn is faithful. This completes the proof.
). We determine the kernel of σ k in the next proposition. We need the following two lemmas.
Proof. Note that χ ω n−1,n−k (u nn ) = t 1 ⊗ S * 1 − q 2N +2 ⊗ 1. Hence it follows that the operator 1⊗ 1 − q 2N +2 ⊗1 = χ ω n−1,n−k (u * nn u nn ) lies in the algebra χ ω n−1,n−k (C(S n,1 q )). As 1 − q 2N +2 is invertible, one has t 1 ⊗ S * ⊗ 1 ∈ χ ω n−1,n−k (C(S n,1 q )). Thus the projection 1 ⊗ p ⊗ 1 is in the algebra C(S n,1,k+1 q ). Now observe that for 1 ≤ s ≤ n − 1, one has
where (v ij ) are the generators of C(SU q (n − 1)). If n = 2 then k = 1 and what we have shown is that C(S 2,1,2 q ) contains t 1 ⊗ S * and t 1 ⊗ p. Hence one has C * (t 1 ) ⊗ K is contained in the algebra C(S
2,1,2 q
). Now we can complete the proof by induction on n.
is contained in the algebra C(S n,1,k+1 q ) and we also have
Hence it follows that C * (t 1 ) ⊗ K ⊗k is contained in the algebra C(S n,1,k+1 q ). This completes the proof.
2
Proof. Let 1 ≤ s ≤ n be given. Note that the operator ω n−1,n−k (u ss ) = z 1 ⊗ z 2 ⊗ · · · z k where z i ∈ {1, 1 − q 2N +2 S, S * 1 − q 2N +2 }. Define x i , y i as follows
Let r be the largest integer for which a r ∈ {q N , −q N +1 }. Then z r = 1. Hence x r a r y r = 0. Thus x s χ ω n−1,n−k (u js )y s = 0. This completes the proof. 2
Thus we have the exact sequence N k−1 ) ). Let n − m + 1 ≤ r ≤ m and 1 ≤ s ≤ n be given. Then note that
Hence by lemma 3.6, there exists
). Hence π•χ ω k = π t,ω for some ω of the form ω n−m,i 1 ω n−m+1,i 2 · · · ω n−1,i n−m and t ∈ T m . Since π • χ ω k (u n,n−k+1 ) = 0, it follows that π t,w (u n,n−k+1 ) = 0. But one has π t,ω (u n,n−k+1 ) = t n (1 ⊗ π ω n−1,i n−m (u n,n−k+1 )). Hence i n−m > n − k + 1. In other words ω is a subword of ω k−1 . Thus π • χ ω k factors through χ ω k−1 . In other words there exists a repre- 2 We apply the six term exact sequence in K theory to the exact sequence in proposition 3.7 to compute the K groups of C(S n,2,k q ) for 1 ≤ k ≤ n. In the next section we breifly recall the product operation in K theory.
The operation P
Let A and B be C * algebras. Then we have the following product maps.
The first map is defined as [p 
The third map is defined in the same manner and the fourth one is defined using Bott periodicity and using the first product. In fact we have the following formula for the last product. We refer to Appendix of [5] . itself. Now let A be a unital commutative C * algebra. Then the multiplication m : A ⊗ A → A is a C * algebra homomorphism. Hence we get a map at the K theory level from
Suppose U and V are two commuting unitaries in a C * algebra B. Let A := C * (U, V ). Then A is commutative. Define
which is an element in K 0 (A) which we can think of as an element in K 0 (B) by composing with the inclusion map. From the formula that we just recalled from [5] the following properties are clear :
1. If U and V are commuting unitaries in A and p is a rank one projection in K we have
2. If U and V are commuting unitaries and p is a projection that commutes with U and V then P (U,
If φ :
A → B is a unital homomorphism and if U and V are commuting unitaries in A then K 0 (φ)(P (U, V )) = P (φ(U ), φ(V )).
4. If U is a unitary in A then P (U, U ) = 0. For P 1 (C) is simply connected, it follows that the matrix h(U, U ) is path connected to a rank one projection in M 2 (C). Hence P (U, U ) = 0.
We need the following lemma in the six term computation. Let z 1 ⊗ 1 and 1 ⊗ z 2 be the generating unitaries of C(T) ⊗ C(T). Then K 0 (C(T 2 )) is isomorphic to Z 2 and is generated by 1, P (z 1 ⊗ 1, 1 ⊗ z 2 ).
Lemma 4.1 Consider the exact sequence
and the six term sequence in K theory.
Then the subgroup generated by δ(P (z 1 ⊗ 1, 1 ⊗ z 2 )) coincides with the group generated by
Proof. The toeplitz map ǫ : τ → C(T) induces isomorphism at the K 0 level. Thus by Kunneth theorem, it follows that the image of
) which is the subgroup generated by [1] . Now the inclusion 0 → K → τ induces the zero map at the K 0 level and hence again by Kunneth theorem the inclusion 0 → C(T) ⊗ K → C(T) ⊗ τ induces zero map at the K 1 level. Hence the image of δ is K 1 (C(T) ⊗ τ ). This completes the proof.
be a short exact sequence of C * algebras. Consider the six term sequence in K theory.
Suppose that U and V are two commuting unitaries in B such that there exists a unitary X and an isometry Y such that φ(X) = U and φ(Y ) = V . Also assume that X and Y commute. Then the subgroup generated by δ(P (U, V )) coincides with the subgroup generated by the unitary
Proof. Since C(T) is the universal C * algebra generated by a unitary and τ is the universal C * algebra generated by an isometry, there exists homomorphisms Φ :
Hence we have the following commutative diagram.
Now by the functoriality of δ and P , it follows that δ(P (U,
Hence by lemma 4.1, it follows that the subgroup generated by δ(P (U, V )) is the subgroup generated by Φ(
This completes the proof.
2.
5 K groups of C(S n,2,k q ) for k < n
In this section we compute the K groups of C(S n,2,k q ) for 1 ≤ k < n by applying the six term sequence in K theory to the exact sequence in 3.7. Let us fix some notations. If q is a projection in ℓ 2 (N) then q r denotes the projection q ⊗ q ⊗ · · · q r times in ℓ 2 (N r ). Let us define the unitaries U k , V k , u k , v k as follows.
First let us note that the operators U k , V k , u k , v k lies in the algebra C(S n,2,k q ). For,
Note that the unitaries U n , u n , v n lies in the algebra C(S n,2,n q ). We start with the computation of the K groups of C(S n,2,1 q ). ) is generated by t 1 ⊗ 1 n−2 and t 2 ⊗ π ω n−2,1 (u n−1,j ) where 1 ≤ j ≤ n − 1. But the C * algebra generated by {t 2 ⊗ π ω n−2,1 (u n−1,j ) :
. Now by the Kunneth theorem for tensor product of C * algebras(See [1] ), it follows that C(S n,2,1 q ) has both K 1 and K 0 isomorphic to Z 2 with [U 1 ] and [V 1 ] generating K 1 (C(S n,2,1 q )) and [1] and
) and commutes with the unitaries t 1 ⊗1 n−2 and t 2 ⊗ p n−2 + 1 − 1 ⊗ p n−2 . Hence
Proof. We prove this result by induction on k. The case k = 1 is just lemma 5.1. Now assume the result to be true for k. From proposition 3.7 we have the short exact sequence
which gives rise to the following six term sequence in K theory.
We determine δ and ∂ to compute the six term sequence. As
Next we compute δ. Since σ k+1 (1) = 1, it follows that δ([1]) = 0. Let
Note that Y is an isometry such that σ k+1 (Y ) = u k . One has σ k+1 (v k+1 ) = v k . Note that Y and v k+1 commute. Hence by corollary 4.1, it follows that the image of δ is the subgroup generated by
Thus the above computation with the six term sequence implies that K 0 (C(S n,2,k+1 q )) is isomorphic to Z 2 and is generated by P (u 1 , v 1 ) ⊗ p k = P (u k , v k ) and [1] and K 1 (C(S n,2,k+1 q )) is isomorphic to Z 2 and is generated by [V k+1 ] and [
]. This completes the proof.
Proof. First note that s i s i+1 s i = s i+1 s i s i+1 and s i s j = s j s i if |i − j| ≥ 2. Hence one has ω n−1,k ω n−1,1 = ω n−1,k+1 ω n−1,1 s k+1 . Now the result follows by induction on k. 2 We denote the representation χ ω n−1,1 * π ω n−1,2 byχ ωn . Since ω n−1,1 ω n−1,2 is a reduced expression for ω n it follows that the representationsχ ωn and χ ωn are equivalent. Let U be a unitary such that U χ ωn (.)U * =χ ωn (.). It is clear thatχ ωn (C(S n,2 q )) ⊂ C(T m ) ⊗ τ ⊗ τ ⊗ℓ(ω n−1 ) . Letσ n denote the restriction of 1 ⊗ σ ⊗ 1 ⊗(2(n−2) toχ ωn (C(S n,2 q )). Sinceσ n (χ ωn (u ij )) = χ ω n−1 (u ij ) one has the following commutative diagram
Lemma 6.2 There exists a coisometry X ∈ χ ωn (C(S n,2 q )) such that σ n (X) = V n−1 and
Proof. By the above commutative diagram, it is enough to show that there exists a coisometry X ∈ χ ωn (C(S n,2 q )) such that σ n (X) = V n−1 and
Hence the operator Z := t 2 ⊗ S ⊗ p n−2 ⊗ 1 n−2 is in the algebra χ ωn (C(S n,2 q )). Now let X := Z + 1 − ZZ * . Then X is a coisometry such that σ n ( X) = V n−1 and X * X = 1 − 1 ⊗ p n−1 ⊗ 1 n−2 which is 1 − 1 {1} ( χ ωn (u * n1 u n1 )). This completes the proof. 2 Observe that the operatorZ :
Hence Y is an isometry and Y Y * = 1 − 1 {1} (χ ωn (u * n1 u n1 )). Let X be a coisometry in C(S n,2,n q ) such that σ n (X) = v n−1 and X * X := 1 − 1 {1} (χ ωn (u * n1 u n1 )). The existence of such an X was shown in lemma 6.2. Then XY is a unitary. Proposition 6.3 The K groups K 0 (C(S n,2 q ) and K 1 (C(S n,2 q ) are both isomorphic to Z 2 . In particular we have the following.
1. The projections [1] and P (u n , v n ) generate K 0 (C(S n,2 q )).
2. The unitaries U n and XY n generate K 1 (C(S n,2 q )) where X is a coisometry in C(S n,2 q ) such that σ n (X) = V n−1 and X * X = 1 − 1 {1} (u * n1 u n1 ) and Y n is as in equation 6.6
Proof. By proposition 3.7, we have the following exact sequence.
Now we compute ∂ and δ to compute the six term sequence. First note that since [U n−1 ] and
Now we compute δ. Since σ n (1) = 1, it follows that δ([1]) = 0. Now one observes that
where Z n is as defined in 6.5. Thus the operator R n := t 1 t 2 ⊗ p n−2 ⊗ p n−2 ⊗ 1 lies in the algebra C(S n,2,n q ) as the difference R n − Z n χ ωn (u n−1,1 ) lies in the ideal C(T 2 ) ⊗ K ⊗(2n−3)) . Hence projection 1 ⊗ p n−2 ⊗ p n−2 ⊗ 1 lies in the algebra C(S n,2,n q ). Now define
Then S n is a unitary and T n is an isometry such that σ n (S n ) = u n−1 v n−1 and σ n (T n ) = u n−1 . Moreover S n and T n commute. Now note that P (u n−1 , v n−1 ) = P (u n−1 , u n−1 v n−1 ). Hence by corollary 4.1, it follows that the image of δ is the subgroup generated by
Since 1 ⊗ p n−2 is a trivial in K 0 (C(S 2n−3 q )) it follows that the unitary t 1 ⊗ p n−2 + 1 − 1 ⊗ p n−2 is trivial in K 1 (C(S n,2,1 q )) = K 1 (C(T) ⊗ C(S 2n−3 q ). Hence one has [S n (1 − T n T * n ) + T n T * n ] = [V 1 ⊗ p n−1 + 1 − 1 ⊗ p n−1 ] in K 1 (C(S n,2,1 q ) ⊗ K ⊗(n−1) ). Thus the above computation with the exactness of the six term sequence completes the proof. 2
K groups of quantum SU(3)
In this section we show that for n = 3 the unitary XY n in proposition 6.3 can be replaced by the fundamental 3 × 3 matrix (u ij ) of C(SU q (3)). First note that for n = 3 we have C(S n,2 q ) = C(SU q (3)) since C(SU q (1)) = C. The embedding SU q (1) ⊆ SU q (3) is given by the counit. Hence the quotient C(SU q (3)/SU q (1)) becomes isomorphic with C (SU q (3) ). The algebra C(S 3,2,1 q ) is denoted C(U q (2)) in [16] . Then C(U q (2)) = C(T) ⊗ C(SU q (2)). Let ev 1 : C(T) → C be the evaluation at the point '1'. Then φ = (ev 1 ⊗ 1)σ 2 σ 3 where φ : C(SU q (3)) → C(SU q (2)) is the subgroup homomorphism defined in equation 2.3.
Proposition 7.1 The K group K 1 (C (SU q (3) ) is isomorphic to Z 2 generated by the unitary U 3 := t 1 ⊗ p ⊗ p + 1 − 1 ⊗ p ⊗ p and the fundamental unitary U = (u ij )
Proof. By proposition 6.3, we know that K 1 (C(SU q (3)) is isomorphic to Z 2 and is generated by [U 3 ] and [XY 3 ] where X is a coisometry such that σ 3 (X) = V 2 and X * X = 1−1 {1} (χ ω 3 (u * 31 u 31 )). Now observe that φ(X) = t 2 ⊗ p + 1 − 1 ⊗ p and φ(Y 3 ) = 1. Hence φ(XY 3 ) = t 2 ⊗ p + 1 − 1 ⊗ p.
Also note that φ(U 3 ) = 0 and φ(U ) = u 0 0 1 where u denote the fundamental unitary of C(SU q (2)). Since K 1 (C(SU q (2)) is isomorphic to Z the proof is complete if we show that t 2 ⊗ p + 1 − 1 ⊗ p and [u] represents the same element in K 1 (C(SU q (2)) which we do in the next lemma. 2 We denote the 2 × 2 fundamental unitary u = (u ij ) of C(SU q (2)) by u q . Consider the representation χ s 1 : C(SU q (2)) → B(ℓ 2 (Z) ⊗ ℓ 2 (N)). We let the unitary t act on ℓ 2 (Z) as the right shift i.e te n = e n+1 . Let {e n,m : n ∈ Z, m ∈ N} be the standard orthonormal basis for the Hilbert space ℓ 2 (Z) ⊗ ℓ 2 (N). For an integer k, denote the orthogonal projection onto the closed subspace spanned by {e n,m : n + m ≤ k} by P k and set F k := 2P k − 1. Note that F k is a selfadjoint unitary. This completes the proof.
